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ABSTRACT
Massive, highly magnetized white dwarfs with fields up to 109 G have been observed and theoretically
used for the description of a variety of astrophysical phenomena. Ultramagnetized white dwarfs with uniform
interior fields up to 1018 G, have been recently purported to obey a new maximum mass limit, Mmax ≈ 2.58 M⊙,
which largely overcomes the traditional Chandrasekhar value, MCh ≈ 1.44 M⊙. Such a much larger limit would
make these astrophysical objects viable candidates for the explanation of the superluminous population of
type Ia supernovae. We show that several macro and micro physical aspects such as gravitational, dynamical
stability, breaking of spherical symmetry, general relativity, inverse β-decay, and pycnonuclear fusion reactions
are of most relevance for the self-consistent description of the structure and assessment of stability of these
objects. It is shown in this work that the first family of magnetized white dwarfs indeed satisfy all the criteria
of stability, while the ultramagnetized white dwarfs are very unlikely to exist in nature since they violate
minimal requests of stability. Therefore, the canonical Chandrasekhar mass limit of white dwarfs has to be still
applied.
Subject headings: stars: white dwarfs — stars: magnetic field
1. INTRODUCTION
There is an increasing interest of the astrophysics commu-
nity on highly magnetized white dwarfs (HMWDs) both from
the theoretical and observational point of view. HMWDs with
surface fields from 106 G up to 109 G have been confirmed ob-
servationally mainly via Zeeman splitting of the spectral lines
(Ku¨lebi et al. 2009, 2010a; Kepler et al. 2010, 2013). Besides
their high magnetic fields, most of them have been shown to
be massive, and responsible for the high-mass peak at 1 M⊙
of the white dwarf distribution; for instance: REJ 0317–853
with M ≈ 1.35 M⊙ and B ≈ (1.7–6.6)× 108 G (Barstow et al.
1995; Ku¨lebi et al. 2010b); PG 1658+441 with M ≈ 1.31 M⊙
and B ≈ 2.3×106 G (Liebert et al. 1983; Schmidt et al. 1992);
and PG 1031+234 with the highest magnetic field B ≈ 109 G
(Schmidt et al. 1986; Ku¨lebi et al. 2009).
From the theoretical point of view, massive, rapidly
rotating, HMWDs have been proposed as an alterna-
tive scenario to the magnetar model for the descrip-
tion of soft-gamma repeaters (SGRs) and anomalous X-
ray pulsars (AXPs) (Morini et al. 1988; Paczynski 1990;
Malheiro et al. 2012; Boshkayev et al. 2013a; Rueda et al.
2013; Coelho & Malheiro 2013a,b, 2014). Such white dwarfs
were assumed to have fiducial parameters M = 1.4 M⊙,
R = 108 cm, I = 1049 g cm2, and magnetic fields B ∼ 107–
1010 G, inferred using a typical oblique rotating magnetic
dipole model and the observed rotation periods, P ∼ (2–12) s,
and spindown rates, ˙P ∼ 10−11 s/s.
Super-Chandrasekhar white dwarfs with high magnetic
fields have been recently used to explain some properties of
supernovae. Their masses overcome the traditional Chan-
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drasekhar limit,
MCh = 2.015
√
3π
2
m3Pl
(µemH)2 ≈ 1.44 M⊙, (1)
where µe ≈ 2 is the mean molecular weight per electron, mH
the mass of hydrogen atom, and mPl =
√
~c/G is the Planck
mass.
Since such objects should be metastable, the magnetic brak-
ing of magnetized, B ∼ 106–108 G, Super-Chandrasekhar
white dwarfs with M ∼ 1.5 M⊙, have been adopted to ex-
plain the delayed time distribution of type Ia supernovae (see
Ilkov & Soker 2012, for details): the explosion would be de-
layed for a time typical of the spindown time scale due to
magnetic braking, providing the result of the merging process
is a magnetized Super-Chandrasekhar white dwarf rather than
a sub-Chandrasekhar one.
Super-Chandrasekhar white dwarfs have been also claimed
to be able to explain the observed properties of some
peculiar superluminous Ia supernovae, which need white
dwarf progenitors with masses (2.1–2.8) M⊙, depending
on the amount of nickel needed to successfully explain
both the low kinetic energies and high luminosity of
these supernovae (Howell et al. 2006; Hicken et al. 2007;
Yamanaka et al. 2009; Scalzo et al. 2010; Silverman et al.
2011; Taubenberger et al. 2011).
Following this idea, Das & Mukhopadhyay (2013) recently
purported that the effects of a quantizing strong and uniform
magnetic field on the equation of state (EOS) of a white dwarf,
would increase its critical mass up to a new value Mmax ≈
2.58 M⊙, significantly exceeding the Chandrasekhar limit (1).
This result would imply these objects as viable progenitors
of the above superluminous type Ia supernovae. This new
mass limit would be reached, in principle, for extremely large
interior magnetic fields of the order of 1018 G.
Therefore, since HMWDs are acquiring a most relevant role
in astrophysical systems, it is of major importance to assess
the validity of the assumption of the existence in nature of
these objects on theoretical grounds. The effect of chemi-
2cal composition, general relativity, and inverse β-decay on the
determination of the maximum stable mass of non-rotating
white dwarfs was studied both qualitatively and quantitatively
in (Rotondo et al. 2011). The extension to the uniformly
rotating case including the analysis of rotational instabili-
ties (mass-shedding and secular instability), inverse β-decay,
and pycnonuclear reactions was analyzed in (Boshkayev et al.
2013b). It was shown in the latter that white dwarfs might
have rotation periods as short as 0.3 s. However, the above
theoretical analyses considered the white dwarf as unmagne-
tized.
We show in this work that several macro and micro phys-
ical aspects such as gravitational, dynamical stability, break-
ing of spherical symmetry, general relativity, inverse β-decay,
and pycnonuclear fusion reactions are relevant for the self-
consistent description of the structure and assessment of sta-
bility of ultramagnetized white dwarfs. Our analysis leads to
two major conclusions:
(1) in the particular case of sub-Chandrasekhar white
dwarfs (or slightly exceeding the Chandrasekhar limiting
value e.g. by rotation) with surface magnetic fields in the
observed range, i.e. B ∼ 106–109 G, the unmagnetized ap-
proximation for the description of the structure parameters,
e.g. mass and radius, is approximately correct and therefore,
the results of Rotondo et al. (2011); Boshkayev et al. (2013b),
can be safely used for the static and uniformly rotating cases,
respectively;
(2) the new mass limit Mmax ≈ 2.58 M⊙
(Das & Mukhopadhyay 2013) for ultramagnetized white
dwarfs, see below Eq. (7), neglects all the above macro and
micro physical aspects relevant for the self-consistent de-
scription of the structure and assessment of stability of these
objects. When accounted for, they lead to the conclusion
that the existence of such ultramagnetized white dwarfs in
nature is very unlikely due to violation of minimal requests of
stability. Indeed, all these ignored effects make improbable
that a white dwarf could reach such a hypothetical extreme
state either in single or binary evolution.
Therefore, the canonical Chandrasekhar mass limit of white
dwarfs has to be still applied and consequently, ultramagne-
tized white dwarfs cannot be used as progenitors of superlu-
minous supernovae.
2. ULTRAMAGNETIZED WHITE DWARFS
In a recent work, Das & Mukhopadhyay (2013) studied the
effects of extreme magnetic field in the mass and radius of
white dwarfs. They showed that the EOS of a degenerate elec-
tron gas in presence of a magnetic field B directed along the
z-axis, in the limit B → ∞ when all electrons are constrained
to the lowest Landau level, obeys a polytrope-like
P = Kmρ2, Km =
mec
2π2λ3e
(µemH)2BD , (2)
with λe the electron Compton wavelength, and BD = B/Bc the
magnetic field in units of the critical field Bc = m2ec3/(e~) =
4.41 × 1013 G. For obtaining the above expression, in
(Das & Mukhopadhyay 2013) the density of the system was
assumed to be given by ρ = µemHne, so determined only by
the nuclei component, where ne is the electron number den-
sity.
Then, Lane-Emden solution of Newtonian self-gravitating
polytropes of index n = 1 was used to obtain the mass of an
ultramagnetized white dwarf
M = 4π2ρc
( Km
2πG
)3/2
, (3)
and the corresponding radius
R =
√
πKm
2G
, (4)
where ρc is the central density.
In the present limit of one Landau level with high electron
Fermi energies EFe , EFe = EFmax ≫ mec2, with
EFmax = mec
2
√
1 + 2BD ≈ mec2
√
2BD (5)
the maximum possible value of EFe , ρc becomes
ρc =
πM
4R3
=
µemH√
2π2λ3e
B3/2D . (6)
Introducing Eq. (6) into Eq. (3), Das & Mukhopadhyay
(2013) obtained the mass limit of ultramagnetized white
dwarfs
Mmax = π3/2
m3Pl
(µemH)2 ≈ 2.58 M⊙, (7)
when ρc → ∞ and R → 0. This upper bound is larger than the
canonical Chandrasekhar limit given by Eq. (1).
We reproduce in Fig. 1 the evolutionary track of the white
dwarf proposed in (Das & Mukhopadhyay 2013). The mag-
netic field along the curve is increasing as a consequence of
accretion of matter onto the star. It can be seen in the plot how
the star reaches the maximum mass limit (7) while reducing
its radius.
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Fig. 1.— Mass-radius relation of magnetized white dwarfs - the curve rep-
resents the evolutionary track of the white dwarf with the increase of the uni-
form magnetic field inside the star obtained in (Das & Mukhopadhyay 2013).
Already at this point it is possible to identify some of the
assumptions in the model of Das & Mukhopadhyay (2013)
that led to the above results, and which as we show below
are unjustified, invalidating their final conclusions. 1) The
EOS assumed in the limit of very intense magnetic fields,
B → ∞; 2) a uniform magnetic field is adopted; 3) the huge
magnetic fields and the obtained mass-radius relation explic-
itly violate even the absolute upper limit to the magnetic field
imposed by the Virial theorem; 4) dynamical instabilities due
to quadrupole deformation are not taken into account either;
5) spherical symmetry is assumed for all values of the mag-
netic field; 6) the role of the magnetic field in the hydrostatic
equilibrium equations is neglected; 7) general relativistic ef-
fects are ignored even if the final configuration is almost as
3compact as a neutron star and the magnetic energy is larger
than the matter energy-density; 8) microphysical effects such
as inverse β decay and pycnonuclear fusion reactions, impor-
tant in a regime where the electrons are highly relativistic,
EFe ≫ mec2, are neglected; and 9) the magnetic field, the den-
sity, and the electron Fermi energy are assumed to increase
with time inside the star as a consequence of a continuous
accretion process onto the white dwarf.
3. EQUATION OF STATE AND VIRIAL THEOREM VIOLATION
Being much lighter, the electrons in the white dwarf inte-
rior are more easily disturbed by a magnetic field than the
ions. Eventually, the electron gas might become quantized
in Landau levels, providing the magnetic field is larger than
the critical field Bc. However, for “moderate” values of the
field, i.e. B ∼ Bc, the EOS deviates still very little from
the unmagnetized one. Thus, appreciable effects are seen
only when the electrons occupy only the lower Landau levels,
which is possible for BD ∼ [EFmax/(mec2)]2. Since the elec-
trons in massive white dwarfs are ultrarelativistic with Fermi
energies EFe & 10 mec2 (Rotondo et al. 2011), it implies the
necessity of magnetic fields BD & 102 (B & 4 × 1015 G),
in order to have non-negligible magnetic field effects. It can
be checked from the virial theorem that such large magnetic
fields cannot develop in the interior of the white dwarf since
they violate the absolute upper bound imposed by the virial
theorem applied to a white dwarf which is approaching the
Chandrasekhar mass limit.
The limiting field can be computed following the argument
by Chandrasekhar & Fermi (1953) in their seminal work.
There exists a magnetic field limit, Bmax, above which an
equilibrium configuration is impossible because the electro-
magnetic energy, WB, exceeds the gravitational energy, WG,
therefore becoming gravitationally unbound. If one includes
the forces derived from the magnetic field, one can write
the virial scalar relation for an equilibrium configuration as
(Chandrasekhar & Fermi 1953)
3Π +WB +WG = 0, (8)
where Π =
∫
PdV , with P the pressure of the system, WB the
positive magnetic energy, and WG the negative gravitational
potential energy. The quantity Π satisfies Π = (γ − 1)U for
a polytrope, P = Kργ, where U is the total kinetic energy of
particles. Since the total energy of the configuration can be
written as E = U +WB +WG, then one can eliminate U from
Eq. (8) to obtain E = −[(γ − 4/3)/(γ − 1)](|WG|−WB), and
therefore the necessary condition for the stability of the star,
E < 0, is given by
(3γ − 4)|WG |
(
1 − WB|WG |
)
> 0. (9)
From this expression we can recover, in absence of mag-
netic field (WB = 0), the known condition for bound unmag-
netized polytropes γ < 4/3, or n < 3 in terms of the polytrope
index n defined by γ = 1 + 1/n. The presence of a magnetic
field weakens the stability, and no matter the value of γ, the
star becomes gravitationally unbound when the magnetic en-
ergy exceeds the gravitational one; i.e. WB > |WG |. This con-
dition clearly implies an upper bound for the magnetic field,
obtained for WB = |WG |. In order to determine such limit we
first obtain an expression for the magnetic energy of the star,
which considering a constant magnetic field can be written as
WB =
B2
8π
4πR3
3 =
B2R3
6 . (10)
As we discussed above, the EOS used by
Das & Mukhopadhyay (2013) adopts a polytrope-like
form with γ = 2 or n = 1 under extreme magnetic fields,
such that only one Landau level is populated and EF ≫ mec2.
Thus, the gravitational energy density of the spherical star
configuration is (Shapiro & Teukolsky 1983),
WG = −
3
5 − n
GM2
R
= −3
4
GM2
R
, (11)
where M and R are the mass and star radius, respectively,
and G is the Newton gravitational constant. Using the above
expressions, and expressing M and R in units of solar mass
and solar radius, we find that the maximum value of magnetic
field Bmax is given by
Bmax = 2.24 × 108
M
M⊙
(R⊙
R
)2
G. (12)
In the case of a Chandrasekhar white dwarf with the max-
imum mass M = 1.44M⊙ and a radius of 3000 km, con-
sistent with the recent calculation of massive white dwarfs
(Boshkayev et al. 2013b), we obtain Bmax ∼ 1.7×1013 G. This
value is clearly lower than the critical field Bc = 4.4× 1013 G.
In order to quantify how strong is the violation of the
virial theorem produced by the magnetic fields used in
(Das & Mukhopadhyay 2013), we choose three star configu-
rations whose values of M and R lie in the region of high mass
configuration, M > 2M⊙ (see red points in Fig. 2). Using the
approximation of Eq. (6), we obtain the corresponding con-
stant magnetic field B of these stars configurations. We com-
pare these values of B with the maximum value, Bmax, allowed
by the virial theorem (12). In Fig. 2 we present the virial limit
Bmax as a function of the star mass obtained by Eq. (12) using
the values of mass and radius shown in Fig. 1. In this figure we
show that such extreme magnetic fields with B > Bmax and the
magnetized white dwarfs of Table 1 are in the instability re-
gion, violating the virial theorem. In Table 1 we show also for
these configurations the magnetic energy WB, and the magni-
tude of the gravitational energy |WG |. These results indicate
that the magnetic field obtained in (Das & Mukhopadhyay
2013), are at least one order of magnitude larger than the max-
imum magnetic field allowed, Bmax. As a consequence, for
the three star configurations, WB/|WG|∼ 250 well above the
stability condition which requires WB/|WG|∼ 1. Thus, these
white dwarf are unstable and unbound.
The repulsive magnetic force due to a possible variable
magnetic field, as discussed in (Malheiro et al. 2007), was
not considered. Furthermore, a uniform magnetic field in
the z-direction inside the star, yields a dipole external field
(Chandrasekhar & Fermi 1953). In this case, even if the mag-
netic fields are continuous at the star surface, their deriva-
tives are not, producing a repulsive magnetic force at the
surface. This force will push against the attractive gravita-
tional force such that for a large magnetic field, the mag-
netic force will overcome the gravitational one, destabiliz-
ing the star. This physical situation is exactly the same ex-
pressed in the virial theorem condition for the star stability
(WB < |WG |) discussed above. Ostriker & Hartwick (1968)
analyzed the effect of magnetic fields in white dwarfs, and
concluded that they lead to stars with larger masses but also
41 1.5 2 2.5 3
M (MSun)
1013
1014
1015
1016
1017
1018
B
m
ax
 
(G
)
Dynamical Instabillity
(B larger than B
max
)
Fig. 2.— (Color online) Maximum magnetic field Bmax as a function of the
star mass. We show (red dots) the three values of the magnetic field of Table
1 that are above the Bmax line, in the dynamical instability region.
larger radii. One of the main consequences of the increas-
ing magnetic field is that even a small ratio of magnetic
to gravitational energy will produce an appreciable increase
in the radii of magnetized white dwarfs. Consequently, it
leads to a reduction of the central density, even for small
mass changes. These conclusions were also confirmed in
(Suh & Mathews 2000), where the effect of magnetic fields in
the mass-radius relation for magnetic white dwarfs were also
investigated. Thus, the very compact magnetized white dwarf
configuration obtained in (Das & Mukhopadhyay 2013), in
which large magnetic field implies large mass and small ra-
dius, are possible only because the effect of the repulsive
magnetic force (Lorentz force) has not been properly con-
sidered. Since in (Das & Mukhopadhyay 2013) it is consid-
ered the influence of a very large constant magnetic fields in
the star mass and radius, assuming values for the magnetic
field larger than the above limits, we conclude that these ex-
tremely magnetized white dwarfs must be unstable and un-
bound. The limiting magnetic field values Bmax shown in
Fig. 2 and Table 1 are clearly obtained with the radii given
in (Das & Mukhopadhyay 2013), which are much smaller
than the self-consistent solution to the equilibrium equations
would give. Since the maximum magnetic field depends on
R−2, see Eq. (12), the real maximum possible field would ac-
tually be smaller than the one computed here.
Indeed, it is worth to notice that the Eq. (12) can be also ex-
pressed as a limit to the magnetic flux: Φmax ∼ BmaxR2 ≈
1.1 × 1030(M/M⊙) G cm2. For the hypothetic new maxi-
mum mass (7), M = 2.58 M⊙, this maximum magnetic flux
is Φmax ≈ 2.8 × 1030 G cm2. It is interesting that Eqs. (2–6)
imply magnetic flux-freezing, namely a constant value of the
magnetic flux, Φfrozen/Bc ∼ BDR2 = π3(~c/G)(µemH)−2λ2e ≈
2 × 1018 cm2, or Φfrozen ∼ BR2 ≈ 8.74 × 1031 G cm2. This
constant value highly overcomes the above maximum possi-
ble magnetic flux, Φmax, which shows in a different way the
violation of the stability limit imposed by the virial theorem
by the solution presented by Das & Mukhopadhyay (2013).
4. BREAKING OF SPHERICAL SYMMETRY AND QUADRUPOLE
INSTABILITY
It was shown by Chandrasekhar & Fermi (1953) that the
figure of equilibrium of an incompressible fluid sphere with
an internal uniform magnetic field that matches an external
dipole field, is not represented by a sphere. The star becomes
oblate by contracting along the axis of symmetry, namely
along the direction of the magnetic field. Thus, we consider
the fluid sphere to be deformed in such a way that the equation
of the bounding surface is given by
r(µ) = R + ǫPl(µ), (13)
where µ = cos θ, with θ the polar angle, and Pl(µ) denotes
the Legendre polynomial of order l. It is easy to see that
the deviation from the spherical configuration is given by the
term Pl(µ), thus in (Chandrasekhar & Fermi 1953), such a
perturbation was called “Pl- deformation”. They have also
concluded that the term with l = 2 contributes to the cor-
responding change in the internal magnetic energy density
(for all other values of l, the change in the magnetic en-
ergy is of the second order in ǫ). The quantity ǫ satisfies
ǫ ≪ R and measures the deviations from a spherical config-
uration. The polar and equatorial radii are Rp = R + ǫPl(1)
and Req = R + ǫPl(0) respectively, thus ǫ = −(2/3)(Req − Rp)
and therefore ǫ/R = −(2/3)(Req−Rp)/R, for the axisymmetric
deformed configuration with l = 2.
It was shown by Chandrasekhar & Fermi (1953) that such
an axisymmetrically deformed object is favorable energeti-
cally with respect to the spherical star. Thus, the star becomes
unstable and proceeds to collapse along the magnetic field
axis, turning into an oblate spheroidal shape with ǫ < 0. The
contraction continues until the configuration reaches a value
of ǫ/R given by
ǫ
R
= −35
24
B2R4
GM2
. (14)
Using the expression for Bmax given by Eq. (12), one ob-
tains
ǫ
R
= −315384
(
B
Bmax
)2
≃ −0.8
(
B
Bmax
)2
. (15)
Therefore, when the internal magnetic field is close to the
limit set by the virial theorem, the star deviates to a highly
oblate shape.
We show in the last column of Table 1, the “Pl- deforma-
tion”, ǫ/R, calculated for three configurations discussed be-
fore. The results show that |ǫ/R|& 2 × 102, which implies that
the star has a highly oblate shape and thus the spherical sym-
metry is strongly broken. Therefore, in order to account for
the deformation caused by the presence of a magnetic field, a
more consistent calculation considering cylindrical symmetry,
see e.g. (Chandrasekhar & Fermi 1953; Ostriker & Hartwick
1968), is mandatory. It is worth to mention that if we consider
the quantum nature of the EOS of a Fermi gas subjected at
fields B ≫ Bc, the actual shape of equilibrium is defined by a
the total (matter+field) pressures parallel and perpendicular to
the magnetic field that are different, and vanish at the star sur-
face (Chaichian et al. 2000; Pe´rez Martı´nez et al. 2003, 2008;
Strickland et al. 2012).
5. MICROSCOPIC INSTABILITIES
It is known that at sufficiently high densities in the inte-
rior of white dwarfs, the inverse β decay or electron cap-
ture process becomes energetically favorable, and therefore a
nucleus (Z, A) transforms into a different nucleus (Z − 1, A)
by capturing energetic electrons. Such a process destabi-
lizes the star since the electrons are the main responsible for
the pressure in a white dwarf (Harrison et al. 1958, 1965;
Shapiro & Teukolsky 1983). The process sets in when the
electron chemical potential reaches the threshold energy, ǫβZ ,
given by the difference of the nuclear binding energy between
the initial and final nucleus. For helium, carbon, oxygen,
and iron, ǫβZ is approximately 20.6, 13.4, 10.4, and 3.7 MeV
5TABLE 1
Table with the mass-radius configurations of magnetized white dwarfs of Das & Mukhopadhyay (2013) with the correspondent magnetic field B, the
maximum virial magnetic field Bmax, magnetic energy WB and gravitational WG , the ratio of them WB/|WG |, the magnetic field contribution to the total
energy density ρB, and the values of eccentricity in units of the spherical star radius ǫ/R.
M (M⊙) R (km) B (G) Bmax (G) WB (×1051erg) |WG | (×1051erg) WB/|WG | ρB ( g cm−3) ǫ/R
2.58 7.02×101 8.80×1017 5.70×1016 4.43×104 1.88×102 235 3.40×1013 -195.14
2.38 9.60×102 4.44×1015 2.81×1014 2.90×103 1.17×101 248 8.71×108 -204.16
2.06 1.86×103 1.07×1015 6.49×1013 1.23×103 4.52 273 5.10×107 -223.03
respectively (see, e.g., Tuli 2011). For unmagnetized gen-
eral relativistic white dwarfs, this occurs at a critical density
ρ
β
crit ≈ 1.4× 1011, 4.0× 1010, 1.9× 1010, and 1.2× 109 g cm−3,
respectively for the same chemical compositions (see Table II
in Rotondo et al. 2011).
This instability was recently analyzed by Chamel et al.
(2013) for the ultramagnetized white dwarfs discussed in
(Das & Mukhopadhyay 2013). Using Eq. (5), it can be seen
that the electron capture process limits the magnetic field to
values lower than (see, e.g., Chamel et al. 2013)
BβD =
1
2
 ǫ
β
Z
mec2

2
≈ 812.6, 342.3, 207.9, 26.2, (16)
or B ≈ 3.6 × 1016, 1.5 × 1016, 9.1 × 1015, and 1.1 × 1015 G,
where we have used the previously mentioned values of ǫβZ
for helium, carbon, oxygen, and iron, respectively. We
can show that the electron capture in the configurations of
Das & Mukhopadhyay (2013) occurs even at critical central
densities lower than in the unmagnetized case. Indeed, by
introducing the limiting values of Eq. (16) into Eq. (6), we
obtain the values of the critical densities ρβ
crit ≈ 9.6 × 1010,
2.6 × 1010, 1.2 × 1010, and 6.0 × 108 g cm−3, respectively for
helium, carbon, oxygen, and iron. These densities are much
smaller than the ones of the massive ultramagnetized white
dwarfs considered by Das & Mukhopadhyay (2013): the con-
figurations approaching the maximum mass (7) have magnetic
fields BD & 104 (B & 4 × 1017 G) and therefore central den-
sities ρc & 4 × 1012 g cm−3. At such high densities, higher
than the neutron drip value (ρdrip ≈ 4.3 × 1011 g cm−3), the
less bound neutrons in nuclei start to drip out forming a free
Fermi gas (Baym et al. 1971). The neutron drip process then
starts when ρc = ρdrip where ρc is given by Eq. (6). For a car-
bon composition, it occurs for a magnetic field BD ≈ 531, or
B ≈ 2.3 × 1016 G (see, e.g., Chamel et al. 2013). It is impor-
tant to clarify that extremely large magnetic fields (> 1017 G)
are needed to modify the neutron drip value appreciable, and
we refer the reader to Chamel et al. (2012) for an analysis of
the influence of strong mangetic fields on the precise value of
the neutron drip density and pressure.
As discussed by Chamel et al. (2013), pycnonuclear fusion
reactions might establish a more stringent limit with respect
to the inverse β decay in an ultramagnetized white dwarf. Car-
bon fusion leads to 24Mg, which undergoes electron capture,
thus inverse β decay instability, at a density of approximately
ρ
β
crit,Mg ≈ 3 × 109 g cm−3. Therefore, if C+C fusion occurs at
rates highly enough at densities lower than ρβ
crit,Mg to produce
appreciable amounts of 24Mg in times shorter than a Hub-
ble time, then this process imposes a more tight constraint
to the density of the white dwarf. Based on the up-to-date as-
trophysical S-factors computed in (Gasques et al. 2005), we
recently computed in (Boshkayev et al. 2013b) the pycnonu-
clear carbon fusion rates in white dwarfs. We found for in-
stance that, C+C fusion occurs at a timescale of 0.1 Myr at
a density ρC+Cpyc ≈ 1.6 × 1010 g cm−3. Since ρC+Cpyc < ρβcrit,C ≈
2.6 × 1010 g cm−3, this implies that C+C pycnonuclear fu-
sion does limit further the magnetic field strength with respect
to the inverse β decay instability of carbon. Indeed, using
Eq. (6), we obtain that such a density is reached for a mag-
netic field BC+CD,pyc ≈ 246.6, or BC+Cpyc ≈ 1.1 × 1016 G, a value
lower than Bβ,CD ≈ 342.3 or B
β
C ≈ 1.5 × 1016 G. Longer re-
action times implies lower densities and thus lower magnetic
fields.
It is important to note that the above limits to the magnetic
field are estimated assuming that the density of the system
is given by Eq. (6); however more realistic estimates of these
limiting fields have to account for the contribution of the mag-
netic field to the mass-energy density (see below in section 6)
and the self-consistent value of the electron density account-
ing for the real number of Landau levels populated, which will
be higher than one. The above microscopic limits to the mag-
netic field are anyway higher than the maximal values allowed
by the virial theorem. Therefore, the macroscopic dynamical
instabilities appear to set in before both electron captures and
pycnonuclear reactions.
6. GENERAL RELATIVISTIC EFFECTS
We now turn to show that for ultra high magnetic fields as
the ones considered by Das & Mukhopadhyay (2013), gen-
eral relativistic effects are relevant; therefore a Newtonian
treatment of the equations of equilibrium is not appropriate.
First we can calculate the contribution of an ultra high mag-
netic field, as the ones considered in (Das & Mukhopadhyay
2013), to the total energy-density. For the maximum white
dwarf mass in (Das & Mukhopadhyay 2013), Eq. (7), which
is obtained for a magnetic field B ≈ 1018 G, the magnetic field
contribution to the total energy-density is ρB ≈ B2/(8πc2) ≈
4.4 × 1013 g cm−3. This value is indeed larger than the matter
density of the configuration and cannot be therefore neglected
in the energy-momentum tensor of the system. However, as
we have shown such a large magnetic fields cannot be reached
in the star; thus the real configurations of equilibrium likely
have a magnetic field energy-density much smaller than the
matter energy-density, implying that the unmagnetized max-
imum mass, the Chandrasekhar mass MCh ≈ 1.44 M⊙, still
applies.
On the other hand, when the maximum mass (7) is ap-
proached for magnetic fields BD & 104, the central density
of the system, as given by Eq. (6), is ρc & 4 × 1012 g cm−3.
In particular, the maximum mass configuration would have
a radius R ≈ 70 km and therefore a central density ρc ≈
1.2 × 1013 g cm−3, only one order of magnitude less than
the nuclear saturation density. These values imply that the
mass, radius, and density of the ultramagnetized objects con-
sidered by Das & Mukhopadhyay (2013) are much more sim-
6ilar to the parameters of neutron star rather than to the ones
of a white dwarf. Therefore, it is natural to ask whether the
compactness of the star is such to require a full general rela-
tivistic treatment. For the above star parameters close to the
maximum mass configuration, it is obtained a compactness
GM/(c2R) ≈ 0.05, a value in clear contrast with a Newtonian
treatment of the equilibrium equations.
In this line, our previous results (Rotondo et al. 2011) be-
come relevant. We found there that, in the case of carbon
white dwarfs, general relativistic instability sets in at a density
ρcrit ≈ 2×1010 g cm−3, prior to the inverse β decay instability.
Such a density is much lower than the densities of the ultram-
agnetized white dwarfs of Das & Mukhopadhyay (2013).
7. EVOLUTIONARY PATH
As a possible mechanism of formation of ultramagne-
tized white dwarfs, it was proposed in (Das & Mukhopadhyay
2013) and further extended in (Das et al. 2013) the traditional
idea that the star by accretion could increase continuously its
central density and its magnetic field owing to magnetic flux
conservation. However, it is unlikely that such an accretion
could bring the white dwarf to such extreme regimes with-
out passing through all the instability channels analyzed in
this work. It can be shown that the magnetic field, by flux
conservation, cannot increase by orders of magnitude during
the accretion process if we account for the stability limits
and the realistic structure of the white dwarf. Flux conser-
vation implies, for a uniform magnetic field as assumed by
Das & Mukhopadhyay (2013), B f /B0 = (R0/R f )2 where ‘0’
and ‘ f ’ stands for initial and final values. It is known that in
the Newtonian treatment the critical mass is reached at infinite
densities, so when the radius tends to zero, causing an unphys-
ical large increase of the above magnetic field when approach-
ing the critical mass value. Therefore, taking into due account
general relativistic and microscopic instabilities leading to a
finite critical density and radius for the critical mass config-
uration are essential in this computation. For this purpose
we use the mass-radius relation obtained by Rotondo et al.
(2011). If we start an accretion process on a carbon white
dwarf with initial mass M0 ∼ 1 M⊙ (R0 ≈ 5587.43 km),
typical of high magnetic field white dwarf population (see
Ferrario et al. 2005, for details), we obtain that the magnetic
field increases only a factor B f/B0 ≈ 28 up to the final mass
M f = Mcrit ≈ 1.39 M⊙ (R f ≈ 1051.44 km). Indeed, the
magnetic flux is Φ ∼ B0R20 ≈ 3.1 × 1025(B0/108) G cm2,
to be contrasted with much higher value of the frozen value
Φfrozen ≈ 8.7 × 1031 G cm2, inferred at the end section 3 for
the maximum mass solution of Das & Mukhopadhyay (2013).
This implies that, most likely the accretion will lead in due
time to the triggering of the white dwarf gravitational collapse
to a neutron star, or to an ordinary type Ia supernovae, prior
to reach a stage where the magnetic field causes appreciate
changes to the EOS and to the structure of the star. One could
think that the white dwarf has already a huge magnetic field (&
1015 G) before starting the accretion process. However, as we
have shown in section 3, the virial theorem imposes a limiting
magnetic flux Φmax ≈ 1.1 × 1030
√
4/(5 − n) (M/M⊙) G cm2,
where n is the polytropic index, which anyway limits the mag-
netic field of the initial configuration to lower values. In ad-
dition, huge seed magnetic fields in the interior of a solar
mass white dwarf appear to be in contradiction with observa-
tions since the unmagnetized mass-radius relation reproduces
with appreciable accuracy the observational data (see, e.g.,
Vauclair et al. 1997; Provencal et al. 1998).
8. RECENT DISCUSSION ON ULTRAMAGNETIZED WHITE
DWARFS
Before concluding, it is worth to mention that during the
refereeing process of this work, several criticisms have been
raised about the new mass limit for white dwarfs presented
by Das & Mukhopadhyay (2013). Some of the inconsis-
tencies of that ultramagnetized Super-Chandrasekhar white
dwarf model such as virial theorem violation, inverse β decay
and pycnonuclear instabilities, breaking of spherical symme-
try, and general relativistic effects have been analyzed here.
We refer the reader to (Chamel et al. 2013; Dong et al. 2014;
Nityananda & Konar 2014a,b) for further details on some of
the above points and for some others such as the neglected
effect of the Lorentz force (magnetic field gradient).
Very recently, Das & Mukhopadhyay (2014) obtained new
solutions for ultramagnetized, Super-Chandrasekhar white
dwarfs, which take into account some of the above criti-
cisms, leading to an improvement of the treatment. They
solve the general relativistic equations of hydrostatic equi-
librium within the assumption of spherical symmetry includ-
ing the magnetic pressure gradient. The effect of the mag-
netic field gradient was introduced through a phenomenolog-
ical magnetic field profile. They solved the equations for
two different conditions on the parallel pressure: (i) that the
spherically averaged parallel pressure be positive through-
out the star, or (ii) the parallel pressure be positive through-
out. The total pressure of the system was assumed isotropic
and increased by an isotropized magnetic field contribution
(1/3)B2/(8π) = B2/(24π). Clearly this isotropic increase of
the matter pressure could give, in principle, to systems with
higher masses with respect to an unmagnetized case, as indeed
Das & Mukhopadhyay (2014) obtained. They find that for the
constraint (i) the maximum mass could be (for some choice of
the phenomenological parameters of the magnetic field pro-
file) as high as Mmax ≈ 3.3 M⊙, and for the constraint (ii),
Mmax ≈ 2.1 M⊙. The magnetic field at the center in these con-
figurations is Bcenter ≈ 6.8×1014 G. Those solutions, although
interesting, use a phenomenological magnetic field profile not
coming from the self-consistent solution of the Maxwell equa-
tions coupled to the Einstein equations. It is not clear that the
self-consistent solution will have a distribution of the mag-
netic field similar to the one employed and with a value show-
ing such a high excursion from the center to the surface. A
good example for the latter is the self-consistent solution by
Ferraro (1954), for which the magnetic field at the center is
only five times larger than its value at the surface. Possibly a
more self-consistent calculation has been recently performed
by Bera & Bhattacharya (2014), and which includes the break
of the spherical symmetry and the effect of the quantum pres-
sure anisotropy. They obtain white dwarf masses as large as
1.9 M⊙. However, the maximum mass solution was obtained
there for an electron Fermi energy which overcomes the lim-
iting value for inverse β decay analyzed in this work and in
(Chamel et al. 2013).
As a positive support for their model,
Das & Mukhopadhyay (2014) recalled the recent mathe-
matical analysis by Federbush et al. (2014) who showed
that there exist solutions for magnetic self-gravitating n = 1
polytropes for a specific ansatz of the current J = βrρ,
where r is the cylindrical coordinate, ρ is the matter den-
sity, and β a constant. For the case of constant density
the above ansatz reduces to the one introduced by Ferraro
7(1954). Federbush et al. (2014) proved that there exist
solutions providing the constant β is properly bound by a
sufficiently small value. However, the solutions found by
Das & Mukhopadhyay (2013) and Das & Mukhopadhyay
(2014) do not conform such an ansatz of the current and
therefore the analysis of Federbush et al. (2014) does not
apply for such a specific solution. It is noteworthy that, in
addition, Federbush et al. (2014) provides a simple proof on
the non-existence of magnetic stars in the spherically sym-
metric case since the only possible solution has a magnetic
field with a singularity at the center.
9. CONCLUSIONS AND DISCUSSION
We have shown that the ultramagnetized, B & 1015
G, massive, M & 2M⊙, white dwarfs introduced in
(Das & Mukhopadhyay 2013) are unlikely to exist in nature
since they are subjected to several macro and micro instabil-
ities which would make a white dwarf either to collapse or
to explode much prior to the reaching of such a hypothetical
structure. The construction of equilibrium configurations of a
magnetized compact star needs the inclusion of several effects
not accounted for in (Das & Mukhopadhyay 2013), and there-
fore the acceptance of such ultramagnetized white dwarfs as
possible astrophysical objects has to be considered with most
caution. On the contrary, sub-Chandrasekhar white dwarfs (or
slightly exceeding the Chandrasekhar limiting value e.g. by
rotation) with surface magnetic fields in the observed range,
i.e. B ∼ 106–1010 G, can be safely described using an un-
magnetized approximation for the calculation of the structure
parameters such as mass and radius.
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